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Lanczos Bidiagonalization

Algorithm

Let A ∈ Rm×n and pick initial matrix Y ∈ Rn×b. Set U0 = R1 = 0. Then an
approximate rank k truncated SVD of A, given by Ãk, is computed by

[V1,∼]← qr(Y, 0)
for j = 1, . . . , s do

[Uj , Cj ]← qr(AVj − Uj−1Rj
∗, 0)

[Vj+1, Rj+1]← qr(A∗Uj − VjCj∗, 0)
end for

B̃ ←


C1 R2

∗

C2

. . .

. . .

 ∈ Rsb×sb, [Ũ , Σ̃, Ṽ ]← svd(B̃)

Ãk ←
([
U1 . . . Us

]
Ũ
)

Σ̃k
([
V1 . . . Vs

]
Ṽ
)∗

Ideally sb� min(m,n) and hence we avoid doing the exact SVD on a very large
matrix.
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Some important properties

Let U (s) =
[
U1 . . . Us

]
, V (s) =

[
V1 . . . Vs

]
, so Ã = U (s)B̃V (s)∗.

AV (s) = U (s)B̃

Krylov subspace property: The columns of V (s) are an orthonormal basis for

Ks(A
∗A, Y ) = Col

[
Y A∗AY . . . (A∗A)s−1Y

]
.

If UΣV ∗ is the true SVD of A, then

‖A− Ã‖F = ‖Σ− P (s)Σ‖,

where P (s) is the orthogonal projection onto Ks(Σ
∗Σ, V ∗Y ).
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Desired error estimates

The main question: How close is Ãk to Ak?
Frobenius norm: Estimate δ = δ(s, b, k, Y ), where

‖A− Ãk‖2F = ‖A−Ak‖2F + δ2.

Singular values: Estimate εj = εj(s, b, k, Y ), where

σj(Ãk)2 = σj(A)2(1− εj), 1 ≤ j ≤ k.

Singular vectors: Measure the angles between Ks and the true singular vectors
of A
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Main strategy

Set Λ = Σ∗Σ,Ω = V ∗Y .
We need to analyze the Krylov subspace Ks(Λ,Ω). Write down the matrix

K =
[
Ω ΛΩ . . . Λs−1Ω

]
.

Find a new basis for Ks(Λ,Ω) by choosing matrix R such that

KR =

[
Isb
E

]
.

This can be done by choosing R = K−1
1:sb,1:sb, so

E = Ksb+1:n,sb+1:nK
−1
1:sb,1:sb.
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Main strategy

New basis for Ks(Λ,Ω):

KR =

[
Isb
E

]
, E = Ksb+1:n,sb+1:nK

−1
1:sb,1:sb.

The size of E is related to the tangents of the principal angles between the Krylov
subspace and the first sb singular vectors:

| tan θj |2 =
(E∗(I + EE∗)−1E)jj

((I + E∗E)−1)jj
,

where θj is the angle between Ks and the jth singular vector.
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Norm estimates

We want δ = δ(s, b, k, Y ) where

‖A− Ãk‖2F = ‖A−Ak‖2F + δ2.

Estimate δ:

‖A− Ãk||2F = ‖Σ− (P (s)Σ)k‖2F
≤ ‖Σ− P (s)Σk‖2F
= ‖A−Ak‖2F + ‖Σk − P (s)Σk‖2F .

Therefore
δ2 ≤ ‖Σk − P (s)Σk‖2F ,

and we need to estimate this upper bound.
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Norm estimates

We have
δ2 ≤ ‖Σk − P (s)Σk‖2F ,

Set P (s) = QQ∗. Using our “E” representation,

P (s) =

[
I
E

]
(I + E∗E)−1 [I E∗] .

Then, if E =
[
E1 E2

]
, where E1 is the first k columns of E, then

‖Σk − P (s)Σk‖2F = ‖(I + E1E
∗
1 + E2E

∗
2 )−1/2E1Σk‖2F .
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Norm estimates
We calculate the true and estimated δ with A ∈ R100×100 with σj = 1/j, fixing
k = 10, b = 3, s = 4, . . . , 9.

s = 4 s = 5 s = 6 s = 7 s = 8 s = 9

−4

−3.5

−3

−2.5

−2

−1.5

−1

−0.5
lo

g 10
 δ

 

 

True

Estimate
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Norm estimates
We calculate the true and estimated δ with A ∈ R100×100 with σj = 1/j2, fixing
k = 10, b = 3, s = 4, . . . , 8.

s = 4 s = 5 s = 6 s = 7 s = 8
−7

−6

−5

−4

−3

−2

lo
g 10

 δ

 

 

True

Estimate
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Norm estimates
We calculate the true and estimated δ with A ∈ R100×100 with σj = (1.2)−j+1, fixing
k = 10, b = 3, s = 4, . . . , 9.

s = 4 s = 5 s = 6 s = 7 s = 8 s = 9

−8

−7

−6

−5

−4

−3

−2

−1

0
lo

g 10
 δ

 

 

True

Estimate
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Norm estimates
We calculate the true and estimated δ with A ∈ R100×100 with σj = 1/j for j ≤ 10,
and σj = 1/j2 for j > 10, fixing k = 10, b = 3, s = 4, . . . , 9.

s = 4 s = 5 s = 6 s = 7 s = 8 s = 9

−9

−8

−7

−6

−5

−4

−3

−2

−1
lo

g 10
 δ

 

 

True

Estimate
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Singular values

We want to find εj such that for 1 ≤ j ≤ k,

σj(Ãk)2 = σj(A)2(1− εj).

If E:,1:j indicates the first j columns of E, then

σj(Ãk)2 ≥ σj(A)2

1 + ‖E:,1:j‖22
,

in which case

εj ≤
‖E:,1:j‖22

1 + ‖E:,1:j‖22
.

Therefore if E:,1:j is large, then the singular value estimate is inaccurate, but if it is
small then εj is close to 0.
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Singular values

Compare with existing estimate of Saad:
Let σj = σj(A), and σ̃j = σj(Ãk).

εj ≤

[
K

(s)
j tan θ(Y, vj)

Ts−j(γ̂j)

]2
,

where

γ̂j = 1 + 2
σ2
j − σ2

j+b

σ2
j+b

,Kj =


∏
i≤j−1

σ̃2
i

σ̃2
i −σ

2
j

j > 1

1 j = 1

and θ(Y, vj) is the angle between the subspace spanned by the initial block Y and the
j-th right singular vector vj .
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Singular values
Using A ∈ R100×100 with σj = (1.2)−j+1, with k = 1, b = 2, s = 2, 3, 4, 5, 6, we
compute estimates for ε1 using our approach and using Saad’s estimate.

s = 2 s = 3 s = 4 s = 5 s = 6

−12

−10

−8

−6

−4

−2

0

2

lo
g 10

 ε

 

 

True

Saad bound

Our bound
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Singular values
Same matrix, with k = 2, b = 2, s = 3, 4, 5, 6, 7, we compute estimates for ε2 using
our approach and using Saad’s estimate.

s = 3 s = 4 s = 5 s = 6 s = 7

−14

−12

−10

−8

−6

−4

−2

0
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4

6

lo
g 10

 ε

 

 

True

Saad bound

Our bound
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Singular values
Using A ∈ R100×100 with σj = 1/j, with k = 1, b = 2, s = 2, 3, 4, 5, we compute
estimates for ε1 using our approach and using Saad’s estimate.

s = 2 s = 3 s = 4 s = 5

−14
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−6

−4
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2

lo
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 ε
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Our bound
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Singular values
Same A, k = 4, s = 4, 5, 6, 7, 8, we compute estimates for ε4 using our approach and
using Saad’s estimate.

s = 4 s = 5 s = 6 s = 7 s = 8
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lo
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Singular vectors

Recall the estimate

‖A− Ãk‖2F ≤ ‖A−Ak‖2F + ‖Σk − P (s)Σk‖2F .

We can rephrase this as

‖A− Ãk‖2F ≤
k∑
j=1

σ2
j | sin θj |2 +

∑
j≥k+1

σ2
j ,

where θj is the angle between Ks(A
∗A, V ∗Y ) and the j-th singular vector vj . If Q is

a matrix of orthonormal basis vectors for the Krylov subspace, then

cos θj = ‖Q∗vj‖2.

Using our matrix representation of Q from before, we obtain

| sin θj |2 = (E∗(I + EE∗)−1E)jj .
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Conclusions

Norm estimates are provided where none existed before.
Singular value estimates are competitive with previous results.
Further work needed: Estimating E itself may not be easy; E = A1(A2)−1,

Ai =
[
Ωi ΛiΩi . . . Λs−1

i Ωi
]
.

and A1, A2 are independent random variables.
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